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THE EFFECT OF SPATIAL VARIATION OF THE
TURBULENT PRANDTL NUMBER AND CALCULATION METHODS FOR
HEAT TRANSFER IN HIGH MACH NUMBER FLOWS
Thomas W. Scott*
Aerospace Engineering Dept.
University of Missouri —Rolla
Rolla, MO
ABSTRACT
The effect of using various spatial distributions of the turbulent Prandtl number on the
predicted surface heat transfer in the numerical simulation of Mach 4 flat plate flow is studied.
The spatial distribution of the turbulent Prandtl number is shown to have a small effect on surface
heat transfer, hence suggesting that the standard assumption of a constant turbulent Prandtl
number is acceptable for high Mach number boundary layer type flows. In addition, a wall-cell
control volume technique for computing heat transfer shows superior predictive capacity across
the Reynolds number range when compared to the conventional calculation of surface heat
transfer. This indicates that typical levels of refinement now used can be considerably relaxed
when calculating heat transfer, with substantial savings in computing resources as well as allowing
more accurate assessment of hypersonic vehicle heating loads.
INTRODUCTION
The ongoing development of both airframes and hypersonic propulsion systems (see
Figure 1) for high Mach number flight vehicles requires the accurate assessment o f vehicle
structural cooling requirements. Heat transfer to both external and internal surfaces due to the
high stagnation temperatures associated with high Mach numbers has been a difficult quantity to
predict and/or measure either experimentally or numerically. The purpose of this work is to
examine the effect of varying the ratio of turbulent diffusion of momentum to turbulent diffusion
of heat (i.e. the turbulent Prandtl number) on the heat transfer received by a relatively simple
geometry in a Mach 4 airflow. Also investigated is the utility of using a wall-cell oriented energy
balance in turbulent flow instead of the more conventional temperature gradient approach. Such a
formulation has been shown to yield close agreement with data correlations for coarse CFD grids
for laminar flows.
Currently, the standard model for numerical heat transfer in high speed flows is based on a
constant turbulent Prandtl number, although published work demonstrates considerable spatial
dependence of this quantity. Several models for this spatial distribution are available but,
unfortunately, show conflicting trends. Blom [1] presents a decreasing variation of the turbulent
Prandtl number near the wall in flat plate flow (see Figure 2). It is important to note that Blom's
results have been frequently reprinted without reference to the very low flow velocities used in his
study ( <10.1 m/s). Other studies at somewhat higher speeds (Wassel and Catton [2] and
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Simpson [3]) tend to conflict with Blom's results (see Figure 3). With new experimentation
methods now being developed, more accurate measurements should soon be available at higher
Mach numbers, thus allowing direct correlations between CFD and experiments. This paper
compares heat transfer results obtained using several spatial published variations of the turbulent
Prandtl number distribution.

Figure. 1. Conceptual Hypersonic Vehicle Configuration

Figure. 2. Blom's Variation of Turbulent Prandtl Number
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Figure. 3. Spatial Variations of Prt Postulated by Wassel and Catton Compared to Blom's Data.
DESCRIPTION OF CODE DOMAIN AND MODIFICATION
Flow Field
A two dimensional isothermal flat plate flow field is simulated numerically by defining a
grid with 110 vertical nodes (normal to the plate surface) with a height of 4 cm and a unit width
of 1 cm. In order to obtain Reynolds numbers high enough for comparison to van Driest heat
transfer correlation, the axial length used in the analysis is approximately 0.5 meters. Inflow Mach
number, ffeestream temperature, plate temperature, and pressure are 4, 964.2 K, 300 K, and
43992.37 Pa, respectively. The laminar Prandtl number is 0.72 for this flow.
Modification of PNS code ’ESCAPE*
The LARC PNS (marching) code 'ESCAPE' is modified to calculate the turbulent Prandtl
number based on formulas which are functions of eddy diffusivity of momentum, kinetic viscosity,
density, temperature, and the laminar Prandtl number. Eddy diffusivity (or turbulent viscosity) is
calculated using the Baldwin-Lomax algebraic model. Constants in the turbulent Prandtl number
formulations are modified to match ffeestream flow conditions (Prt=0.8 for M=4). Originally the
code used a data statement and a constant turbulent Prandtl number. Modifications were
performed to allow increases and decreases in the turbulent Prandtl number distribution in the
near wall region while maintaining a constant value in the freestream. Many formulations for the
turbulent Prandtl number, such as equation (1), Wassel and Catton [2], are valid only in the near
wall region or in a decreasing velocity gradient (i.e. approaching the wall) and cannot be used in
the entire flow region.
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( 1)

Wassel and Catton [2] present another formulation that develops an adequate Prandtl
number variation throughout the flow field. Originally this formula was written for a decreasing
turbulent Prandtl number, equation (2), but, by inversion and defining new constants, can equally
well model the decreasing case, equation (3). Due to the extreme experimental uncertainty of the
actual magnitude and distribution of the turbulent Prandtl number there is no reason the original
formulation should be considered more or less accurate than the altered formulation.

(2)

(3)

The boundary layer formulation developed in this work is a function of temperature,
density, and viscosity and is valid throughout the flow field. It is derived to observe the effect of a
boundary layer variation of the turbulent Prandtl number. Equation (4) shows the formulation
used to increase the mean turbulent Prandtl number in the boundary layer. All attempts to
decrease the turbulent Prandtl number using flow properties caused code failure. Therefore, a
nonvariable spatial distribution for the first eight nodes was encoded to raise and lower the
turbulent Prandtl number in the near wall region.
(4)

increasing
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Heat Transfer Calculation
Overall, thermal conductivity in 'ESCAPE' is related to the turbulent Prandtl number by
equation (5).

(5)

Based on the energy and momentum equations, a theoretical expression which yields the
wall heat transfer with more generality than the basic (classic) formulation o f - ^ ) waii can be
derived. Hence equation (6), derived by Hill and Peterson [4], was modified for the CFD control
volume adjacent to the wall (see Figure 4).

Figure. 4. Energy Balance Control Volume.
In such a formulation there exist numerous choices in defining the gradients. A study was
performed to examine which were the most feasible. The results showed that the velocities at the
sides of the control volume are best modeled by averaging the velocities at nodes 2 and 1, at
planes A and C. Flow through the top of the control volume can be evaluated at node 2, plane B.
The heat transfer though the top of the control volume is modeled using the gradient between
nodes 3 and 2, plane B and the thermal conductivity at node 2. Due to the no-slip constraint, the
shear stress work term at the wall is zero. At the top of the control surface, the gradient for the
shear stress work term is taken between nodes 3 and 2, plane B (as in the heat transfer
calculation) and the viscosity and velocity are taken from node 2.
For the classic approach, qw=k^)waii, the temperature gradient is taken between nodes 1
and 2 and the thermal conductivity at node 1 is used. The value obtained for thermal conductivity
was verified from Schetz [5],
The heat transfer coefficient, C^, is calculated from equation (7):
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(7 )

where the wall temperature is 300 K and the inflow conditions are used as the ffeestream
conditions. The quantity Pr5 represents the recovery factor.
RESULTS AND DISCUSSION
Several distributions of the turbulent Prandtl number are used in the analysis (see Figure
5). B.L. designates the variation tied to the boundary layer. The designation 'up' or 'down' refers
to the overall trend in the B.L distribution as well as the trend between the last two nodes of
Wassel and Catton's formulation (prt). Unfortunately, the B.L. variation is not as parabolic at high
Reynolds numbers as originally desired, however, at low Reynolds numbers (i.e. near the leading
edge) the variation is parabolic. Wassel and Catton's formulation has a discontinuity at the wall
which provides the desired large turbulent Prandtl number variation. The final step to the wall
reverses a longer slight trend in the opposite direction; the effect may be a partial cancellation of
the specified variation. For the nonvariable (N. V.) spatial distributions encoded the maximum and
minimum turbulent Prandtl number values are 1.3 and 0.4, respectively.

Figure. 5. Turbulent Prandtl Number Variation.
Comparing the classic and energy balance heat transfer formulations for a constant
turbulent Prandtl number (see Figure 6), one notes that the energy balance predicts a much larger
heat transfer at low Reynolds numbers, which corresponds to the leading edge of the flat plate.
The PNS code has inaccuracies near the leading edge, therefore, the results in this region for both
formulations are questionable. Examining the heat transfer at higher Reynolds numbers, the two
formulations are seen to converge at a Reynolds number of approximately 4.4 million.
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Figure. 6. Comparison of Classic and Energy Balance Heat Transfer Formulations
for a Constant Turbulent Prandtl Number
Comparing these results to the experimental correlations of van Driest [6] (see Figure 7)
the energy balance formulation is seen to have a much closer correlation than the classic approach
across the Reynolds number range. Extrapolating the results of the classic approach seems to
show a continued deviation from theory, even at high Reynolds numbers.
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Figure. 7. Theoretical Local-Wall Heat Flux Coefficients on an Isothermal
Flat Plate at High Mach Numbers.
Variation of the heat transfer coefficient for Wassel and Catton's formulation, equations
(2) and (3), of the turbulent Prandtl number in the low Reynolds number region is very small
compared to the overall rise in the heat transfer coefficient. The heat transfer coefficient at high
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Reynolds numbers (see Figure 6) indicates slight variations across the range. The similarity of the
results is possibly due to the wall discontinuity used to obtain the large turbulent Prandtl number
gradient opposing a slight trend that develops earlier in the opposing direction (see Figure 5)
producing the equivalent of a constant turbulent Prandtl number.

Figure. 8. High Reynolds Number Variation o f Che with Prt.
The boundary layer formulation and the nonvariable spatial variations are compared to the
constant turbulent Prandtl number case (see Figure 9). Using a large spatial distribution of the
turbulent Prandtl number causes the heat transfer coefficient to deviate from van Driest
correlations regardless of the direction of the variance.

Figure. 9. Examination of Boundary Layer Prt Variations.
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CONCLUSIONS
Although no conclusive data is available on the actual variation of the turbulent Prandtl
number in high speed flows, numerical analysis can be used to evaluate the degree of influence of
Prandtl number variation on heat transfer to surfaces. Enforcing large turbulent Prandtl number
variations in the boundary layer produces heat transfer results inconsistent with data correlations.
Formulations proposed by Wassel and Catton have deviations in heat transfer which are small
enough to be considered negligible. Therefore, assuming a constant turbulent Prandtl number, as
is currently done, reduces computational time with little effect on the computed heat transfer. For
heat transfer calculation with simple geometries the turbulent Prandtl number spatial variation is
shown to be insignificant, as long as a reasonable freestream value of the turbulent Prandtl number
is selected. Note that this conclusion may be significantly different for more complex
three-dimensional flow fields with vorticity and shocks. It is also recommended, based on this
work, that a cell control volume approach be used to accurately calculate heat transfer when using
CFD grids rather than the conventional wall temperature gradient method.
Acknowledgments
Special thanks are due to Dr. David W. Riggins for his guidance and patience.
NOMENCLATURE
................................................................................................................. heat transfer coefficient
Cp......................................................................................................................................specific heat
h ................................................................................................................................................ enthalpy
k ..........................................................................................................................thermal conductivity
P r ................................................................................................................................ Prandtl number
Prt .................................................................................. turbulent Prandtl number (Schmidt number)
u n ........................................................................................................horizontal velocity component
Taw............................................................................................................. adiabatic wall temperature
T ........................................................................................................................................ temperature
Tw............................................................................................................ isothermal wall temperature
w n ............................................................................................................vertical velocity component
em..................................................................................................... eddy diffusivity of momentum £
p ,............................................................................................................................................... viscosity
v ........................................................................................................................kinetic viscosity
p .................................................................................................................................................. density
xX ..............................................................................................................................................................................................shear stress
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